Abstract. In this work, we present a gradient optimization technique for optimizing deformation processes. The optimization is based on the continuum sensitivity method (CSM). CSM involves differentiation of the governing field equations of the direct problem (constitutive, contact and kinematic problems) with respect to the design variables and development of the weak forms for the corresponding continuum sensitivity equations. The present 3D developments involve a novel regularized approach to the contact sensitivity problem that addresses the non-differentiability of the contact constraints. A relevant 3D die design problem is considered highlighting the features of the metal forming design simulator developed.
INTRODUCTION
Though there has been extensive work by different groups in simulating the direct problem in forming processes, comparatively less attention has been devoted in developing a strategy for solving the design problems that arise in this field. As a result most of the methods for industrial deformation process design are currently focused on trial and error techniques. In this paper, we have developed an algorithm for metal forming design based on a gradient optimization framework. The gradients of the objective function are calculated using the sensitivity fields obtained from the finite element implementation of the continuum sensitivity method (CSM). The continuum equations defining the sensitivity fields in the CSM are obtained by design-differentiating (i.e. differentiating with respect to the design variables) the continuum governing equations of the direct problem. The finite element form of the CSM is posed by introducing an appropriate weak form of the continuum sensitivity equations and subsequent finite element discretization and approximation. This work is an extension of our previous work which was restricted to 2D applications [1] - [5] . Extending to 3D applications involves a new continuum sensitivity formulation of the contact problem based on the method suggested by Laursen in [6] . The 3D sensitivity contact subproblem is also defined in a fully continuum setting problem that allows us to accurately compute the sensitivities of the contact tractions as required by the sensitivity deformation problem.
THE DIRECT LARGE DEFORMATION PROBLEM
A review of the direct deformation problem utilized in our design simulator is given in [1] - [4] . Let us denote with B B B 0 the initial undeformed configuration of the body before any processing and with B B B n the configuration obtained at time t n as a result of deformation processing. The direct problem involves computing the time history of the deformation, temperature, material state and plastic deformation of a body deforming as a result of external forces and/or deformation due to contact and friction at the workpiece-die interface. The deformation problem is sub-divided into kinematic, constitutive, contact and thermal sub-problems. An updated Lagrangian FEM formulation is used to solve the direct deformation problem in a generic forming stage in which material occupying an initial configuration B B B 0 is deformed to obtain a final configuration B B B f (t = t f ). To compute the material configuration B B B n+1 for n = 0, 1, · · · , ( f − 1), we proceed in an incremental fashion using the configuration B B B n as the reference configuration. Let X X X be a material particle in B B B 0 and let x x x =x x x(X X X,t) be its location at time t. The total deformation gradient can be defined as
In the kinematic framework adopted for large deformation inelastic analysis including thermal effects, the total deformation gradient is decomposed into thermal, plastic and elastic parts as follows:
where F F F e is the elastic deformation gradient, F F F p , the plastic deformation gradient and F F F θ is the thermal part of the deformation gradient in B B B n+1 . Using an updated Lagrangian framework, the total deformation gradient F F F n+1 at time t = t n+1 can be expressed in terms of F F F n at time t = t n as follows:
where F F F r is the relative deformation gradient. The equilibrium equation at t = t n+1 can be expressed in the reference configuration B B B n as,
where ∇ n denotes the divergence in B B B n and P P P r denotes the Piola-Kirchhoff I stress. The solution of the deformation problem in the current processing stage proceeds incrementally in time starting from the initial configuration B B B 0 . In order to solve the equilibrium equation (Eq. (4)) at time t = t n+1 , the constitutive relationship between P P P r and the relative deformation gradient F F F r and temperature θ should be evaluated. State variable-based constitutive models have been used earlier in our work and details on the direct and sensitivity constitutive problems are not given here as the methodology is identical to that used in our earlier 2D work in [1] . In extending the direct deformation problem to 3D, the kinematic and the thermal sub-problems are also mathematically identical to the developments in the 2D formulation. The contact sub-problem requires a different approach, which is discussed in detail in the following subsection.
Three dimensional implementation of the die-workpiece contact and frictional conditions
The contact and the friction model implemented is based on the implicit approach proposed in [6] . The schematic of the contact model is shown in Fig. 1 . The die is assumed to be rigid and its surface is parameterized in three dimensions using the parameters ξ ξ ξ = [ξ 1 , ξ 2 ]. Any point on the die can be represented as y y y(ξ ξ ξ ) = (y 1 (ξ ξ ξ ), y 2 (ξ ξ ξ ), y 3 (ξ ξ ξ )), where 0 ≤ ξ 1 , ξ 2 ≤ 1. At each point of the die surface, we define a local basis with the tangent and the normal vectors at that point. The tangent vectors can be defined as follows:
τ τ τ α = y y y ,ξ α = ∂ y 1 ∂ ξ α e e e 1 + ∂ y 1 ∂ ξ α e e e 2 + ∂ y 3 ∂ ξ α e e e 3 , α = 1, 2 (5) The unit normal at the same point can be defined as a cross product of the tangent vectors with unit norm. The die surface separates the continuum space into the admissible and the inadmissible regions. The region K K K along with the boundary ∂ K K K constitute the admissible region for deformation. We define a region Γ Γ Γ where Γ Γ Γ ⊂ ∂ B B B n as the part of the boundary that could potentially come into contact with the die. The unit normal to the die is defined such that it always points towards the admissible region. We define a gap function g as the shortest distance between the die surface and a point in space denoted by
whereȳ y y ∈ ∂ K K K is the value of y y y which minimizes the norm ||x x x − y y y||. Using the above definition of the gap function we can now define the impenetrability constraints for the contact between the die and the workpiece. For all
where λ λ λ is the current traction vector defined on Γ Γ Γ and λ N is its normal component. Assuming that Coulomb friction exists in the contact region with a friction coefficient µ, the Coulomb friction law can be written as follows:
In the above equation λ λ λ T = λ T α τ τ τ α is the tangential traction and ||λ λ λ
T represents the covariant version of the relative velocity v v v T between the workpiece and the die defined as follows:
whereξ ξ ξ is the value of parameter associated withȳ y y. A unique value of the parameterξ ξ ξ is associated with eachȳ y y. The contact constraints are enforced using an augmented Lagrangian formulation and the time integration of the frictional constraint is achieved by a trial state/return map algorithm. We introduce the Lagrange multipliers λ N , λ T 1 and λ T 2 corresponding to the normal and tangential tractions, respectively. The penalty parameters in the normal and tangential directions are denoted by ε N and ε T . The principle of virtual work equation is nonlinear and a Newton-Raphson procedure is used to incrementally solve for the new configuration B B B n+1 . At every contact iteration, given the new workpiece configuration, the contact constraints are checked for satisfaction. If not satisfied, the Lagrange multipliers are updated and the solution proceeds to the next iteration.
FORMULATION OF THE CONTINUUM SENSITIVITY METHOD FOR A GENERIC FORMING STAGE
We now consider the sensitivities with respect to the design parameters β β β of field variables in the current forming stage. Such typical process parameters may include the ram speed history, the die surface of the current stage, and others. An updated Lagrangian representation is adopted here. Let us consider a generic field Φ. The parameter sensitivity
• Φ=• Φ(x x x n ,t; β β β ) is defined as the total Gateaux differential of Φ =Φ(x x x n ,t; β β β ) in the direction ∆β β β computed at β β β :
(10) Extension of these definitions to shape sensitivities (e.g. sensitivities with respect to the preform shape) is described in detail in [1] .
The developed sensitivity scheme proceeds as follows. The governing equations of the various sub-problems in the direct analysis (e.g. the kinematic, constitutive, contact and thermal analysis) are first design-differentiated and then appropriate weak forms, time integration and discretization are introduced. The resulting linear sensitivity sub-problems are combined to produce a linear problem for computing the sensitivity of the deformation, plastic deformation gradient and material state. A unified weak form is developed here to compute sensitivities with respect to any design parameter (which maybe a scalar or a vector field).
A weak form for the linear sensitivity analysis of a generic forming stage is identified by considering the sensitivity of the equilibrium equations and boundary conditions at the continuum level. The sensitivity deformation problem is developed on the reference preform B B B n . The design sensitivity of the equilibrium equation (Eq. (4)) at t = t n+1 results in:
A variational form for the above sensitivity equilibrium equation can be posed as follows [3] :
whereη η η is a kinematically admissible sensitivity deformation field expressed over the reference configuration B B B n , N N N is the unit normal vector to Γ Γ Γ n and the (known) design velocity gradient L L L n at t n is defined as follows:
The primary unknown of Eq. (12) 
Three-dimensional sensitivity contact problem
The sensitivity contact problem involves computing the sensitivities of the contact traction vector which can be written as
where • τ τ τ 1 (ȳ y y) and
• τ τ τ 2 (ȳ y y) are the sensitivities of the contravariant components of the tangent vectors. To allow for the computation of the design derivatives in the equation above, certain regularization assumptions are introduced:
• A particle that lies in the admissible (or inadmissible) region for the direct problem also lies in the admissible (or inadmissible) region for the sensitivity problem.
• A point that is in a state of slip (or stick) in the direct problem is also in the same state in the sensitivity problem.
As a result of the above assumptions, Eq. (14) gives a complete description of the sensitivity contact problem.
The quantities • λ T 2 can be thought of as the Lagrange multipliers for the sensitivity problem. To enforce the normal contact constraints in the sensitivity problem the following penalization is used:
where • λ N n is the normal traction sensitivity calculated in the previous time step and ε N s is the normal penalty used in the sensitivity problem to enforce the normal constraints. In the developed formulation, the normal penalty in the sensitivity problem is not of the same value as the normal penalty in the direct problem. A discussion on this issue is presented at the end of the subsection. To enforce the tangential contact constraints for sticking the following penalization is used:
which on integration leads to
where • λ T nα and • ξ n α are known from the previous time step. Similar to the normal penalty, the tangent penalty in the sensitivity problem ε T s differs from that in the direct problem. For sliding contact,
• λ T α is calculated from the expression
The above term can be expressed as
An important point to be noted here is the presence of the term λ trial T α , which is the trial tangent traction calculated in the radial return mapping scheme in the direct problem, i.e. the sensitivity of the traction term depends on the trial traction and not just on the current traction value. The sensitivity of the trial traction term can be expressed as follows:
After some intensive mathematical manipulations, the above contact traction sensitivities can be expressed concisely as follows:
The linear relationship between In this subsection, the sensitivity contact problem was presented in a continuum contact sensitivity setting. An alternate formulation can be considered where the design-differentiation of the corresponding discrete equations used in the augmented Lagrangian analysis in the direct contact sub-problem is carried out. However, this interpretation requires that the penalty parameters be identical in both the direct and sensitivity contact subproblems. Such a restriction is unnecessary as it implies that the magnitude of the penalty parameters in the sensitivity contact analysis is limited by corresponding values used in the direct contact problem. In the direct contact problem, to prevent ill-conditioning of the non-linear system of equations an augmented Lagrangian approach was used and thus the penalties were smaller compared to that of a direct penalty approach. Since the sensitivity problem is linear, use of larger penalties is possible. Thus to avoid augmentations to the Lagrange multipliers in the sensitivity problem, we compute the sensitivities of the contact tractions in one step by using oversize penalties.
APPLICATIONS
We now proceed to validate the sensitivity algorithm and discuss design applications. In all the problems structured meshes comprising of 8-noded brick elements are used. No remeshing operations have been performed. The kinematics are stabilized using the F-bar assumed strain method with a stabilization parameter ε = 1e − 3 which is discussed in detail in [2] . The workpiece material is 1100-Al with initial temperature of 673K. The constitutive model and material properties used are identical to those in [4] .
Sensitivity comparisons
To validate the continuum sensitivity algorithm, we consider the benchmark problem of flat die forging of a cylinder and compare the sensitivities obtained using the forward difference form of the finite difference method (FDM) and the continuum sensitivity method (CSM). The initial height and the radius of the preform are taken as 3.0 mm and 1.0 mm, respectively. The forging rate is taken as 0.01 mm/s. The stroke is fixed at 1.0 mm, which corresponds to a total deformation of 33%. The die is assumed to be isothermal, while the workpiece is nonisothermal. Using symmetry conditions only one-eighth of the domain is used for computation. A mesh consisting of 750 elements and 1001 nodes was used. Neumann boundary conditions are assumed at the symmetry planes and convective and radiative boundary conditions are assumed at the free surfaces of the preform. The coupling tolerance between the thermal and the deformation problems is taken as 1e − 4 [4] . The energy and displacement error norms for satisfying convergence in the nonlinear iterations in the direct problem are each taken as 1e − 5, whereas the normal and tangent penalties for the contact problem are taken as 1e5. The normal and tangent penalties for the sensitivity contact problem are taken as 1e7. A friction coefficient of 0.4 is assumed at the die workpiece interface. Using this problem as the reference state, various sensitivities are computed.
For computing the shape sensitivities, the curved surface of the preform is parameterized and constrained such that it can at the most have an elliptical crosssection. The semi-major axis a(α) and semi-minor axis b(α) of the ellipse are each modeled using degree 6 Bézier curves using the restriction that x ′ (0) = 0 and y ′ (0) = 0, (α = 0 corresponds to the mid plane of the cylinder). Thus the design shape parameters for a shape sensitivity problem can be defined as β β β = {β 1 , β 2 , β 3 , β 4 , β 5 , β 6 , β 7 , β 8 , β 9 , β 10 , β 11 , β 12 } T The shape sensitivities are computed with a perturbation of 1e-4 to β 3 . The CSM sensitivities are compared with the FDM sensitivities in Figs. 2-3. As can be observed, the sensitivities compare extremely well. Since the CSM involves solution of one nonlinear direct problem and one linear sensitivity problem for each design variable it is relatively much faster than the FDM which requires solving an additional nonlinear direct problem for each design variable.
Extrusion die design for uniform material state
We consider an extrusion process with a fixed reduction in cross-section over a fixed length. The objective is to design the die shape such that the state variable distribution (isotropic material hardening behavior) at the exit is as uniform as possible. The extrusion die is defined and parameterized as follows: spectively which results in a 26% reduction in the crosssectional area over a length of 0.5 mm. The die curvature at the entrance and the exit is taken to be perpendicular to the radius by assuming β 1 = β 2 and β 6 = β 7 . Only the parameters β 3 , β 4 , β 5 are allowed to vary. As a result, the CSM design problem to be solved involves one direct problem and only 3 sensitivity problems. The initial billet is a cylinder of radius 0.5 mm and height 2 mm. Using symmetry only one-fourth of the domain is used. A mesh consisting of 540 elements and 777 nodes is used in the analysis. The extrusion process is carried out with a velocity of 0.01 mm/s and a die-workpiece friction coefficient of 0. Figs. 5-6, respectively. As can be seen, a considerable reduction in the deviation of the state variable at the exit is achieved by a change in the three design parameters considered.
